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Roadmap

I The method belong to policy gradient class, where policy is parametrizied

I Use another objective function (avoid using the trick of Policy Gradient)

I Propose an optimization method to solve that objective function
approximately

I Experimental result

The proposed method is pleasingly complicated :)))
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Notation

I P : S ×A× S → R is the transition probability distribution.

I r : S → R is the reward function.

I ρ0 : S → R is the distribution of the initial state s0.

I η(π) = Es0,a0,...

[∑∞
t=1 γ

tr(st)
]

is the expected discounted reward, where

s0 ∼ ρ0(s0), at ∼ π(at |st), st+1 ∼ P(st+1|st , at).

I Qπ(st , at) = Est+1,at+1,...

[∑∞
`=0 γ

`r(st+1)
]

I Vπ(st) = Eat ,st+1,...

[∑∞
`=0 γ

`r(st+1)
]

I Aπ(s, a) = Qπ(s, a)− Vπ(s) is the advantage function.
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Starting Point

I Kakade & Langford (2002) showed a relation between any policy π and π̃.

η(π̃) = η(π) + Es0,a0,...∼π̃

[
∞∑
t=0

γtAπ(st , at)

]
(1)

Proof.
Let τ ∼ π̃ be a trajectory sampled using π̃.

Eτ |π̃

[
∞∑
t=0

γtAπ(st , at)

]

= Eτ |π̃

[
∞∑
t=0

γt(r(st) + γVπ(st+1)− Vπ(st))

]
= Eτ |π̃

[
r(s0) + γVπ(s1)− Vπ(s0) + γ(r(s1) + γVπ(s2)− Vπ(s1)) + γ2(.) + . . .

]
= Eτ |π̃

[
−Vπ(s0) +

∞∑
t=0

γtr(st)

]
= −Es0 [Vπ(s0)] + Eτ |π̃γtr(st)

= −ηπ + ηπ̃
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I Define ρπ is the discounted visitation frequencies, ρπ =
∑∞

t=0 γ
tP(st = s).

Note that s0 ∼ ρ0, the others depend on π and the environment.

I Rewrite (1)

η(π̃) = η(π) + Es0,a0,...∼π̃

[
∞∑
t=0

γtAπ(st , at)

]

= η(π) +
∞∑
t=0

∑
s

P(st = s|π̃)
∑
a

π̃(a|s)γtAπ(st , at)

= η(π) +
∑
s

∞∑
t=0

γtP(st = s|π̃)
∑
a

π̃(a|s)Aπ(st , at)

= η(π) +
∑
s

ρπ̃(s)
∑
a

π̃(a|s)Aπ(st , at)

I If the blue term is nonnegative at every state, then π̃ is better or equal π

I In deterministics setting, it reduces to policy improvement, i.e.,
π̃(s) = arg maxa Aπ(s, a)

I Maximizing the RHS respect to paremeters of π̃ would result the best
policy
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The first approximation
I Recall

η(π̃) = η(π) +
∑
s

ρπ̃(s)
∑
a

π̃(a|s)Aπ(st , at)

I Define
Lπ(π̃) := η(π) +

∑
s

ρπ(s)
∑
a

π̃(a|s)Aπ(st , at)

then Lπ(π̃) ≈ η(π̃) locally in a sense that

Lπθ0
(πθ0) = η(πθ0), and ∇θLπθ0

(πθ) |θ=θ0 = ∇θη(πθ) |θ=θ0

I The first equality holds since
∑
s

ρπ(s)
∑
a

π(a|s)︸ ︷︷ ︸
E

(Qπ(a, s)− Vπ(s)) = 0

I An improvement is guaranteed if using the following updating rule

πnew(a|s) = (1− α)πold(a|s) + απ′(a|s),

where π′ = arg maxπ Lπold(π) and it is bounded by

η(πnew) ≥ Lπold(πnew)− 2εγ

(1− γ)2
α2

I Maximizing Lπold(πθ) respect to θ is guaranteed to improve over πold
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New lower bound

I Define DTV(p||q) =
1

2

∑
i=1|pi − qi | (called total variation divergence),

and

I Dmax
TV (π, π̃) = maxs DTV(π(a|s), π̃(a|s))

Theorem
Let α = Dmax

TV (πold, πnew). Then the following bound holds

η(πnew) ≥ Lπold(πnew)− 4εγ

(1− γ)2
α2,

where ε = maxa,s |Aπ(s, a)|
The improvement is guaranteed to general stochastic policy.
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Algorithm
I Define Dmax

KL (π, π̃) = maxs DKL(π(a|s), π̃(a|s))

I Since DTV(p||q)2 ≤ DKL(p||q)

η(πnew) ≥ Lπold(πnew)− 4εγ

(1− γ)2
Dmax

KL (πold, πnew) (2)

Policy improvement guarantee:

I Let Mi (π) = Lπi (π)− CDmax
KL (πi , π)

η(πi+1) ≥ Mi (πi+1) (by 2)

≥ Mi (πi ) (by updating rule)

= η(πi )

I The algorithm design is a type of minorization-minimization, where Mi is
the surrogate function

I It is slow if C large

I Optimization problem:

max
θ

Lθold (θ)

subject to Dmax
KL (θold, θ) ≤ δ
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The second approximation
Let D

ρ
KL = Es∼ρ[DKL](πθ1(·|s)|πθ2(·|s))

I Relax constrain to D
ρold
KL (θold, θ) ≤ δ

I Rewrite the objective function in expectation form

arg max
θ

∑
s

ρθold(s)
∑
a

πθ(a|s)Aθold(s, a)

= arg max
θ

(∑
s

ρθold(s)
∑
a

πθ(a|s)Qθold(s, a)−
∑
s

ρθold(s)
∑
a

πθ(a|s)Vθold(s)

)

= arg max
θ

∑
s

ρθold(s)Ea∼q
πθ(a|s)

q(a|s)
Qθold

= arg max
θ

Es∼ρold,a∼q
πθ(a|s)

q(a|s)
Qθold

I Final optimization problem

min
θ

Es∼ρold,a∼q

[
πθ(a|s)

q(a|s)
Qθold

]
subject to Es∼ρθold

[DKL(πold(·|s)||πnew(·|s))] ≤ δ

where q is behaviour policy, q = πθold
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Pratical algorithm - The third approximation

min
θ

Es∼ρold,a∼q

[
πθ(a|s)

q(a|s)
Qθold

]
subject to Es∼ρθold

[DKL(πold(·|s)||πnew(·|s))] ≤ δ
(3)

Repeat the following steps:
I Use Monte Carlo simulation to collect trajectories.

I Single path: generate 1 episode, then move to
step 2

I Vine: generate a number of trajectories, then
choose a subset of states and samples actions
from these state to generate new branching
trajectories.

I Construct the estimated objective and constraint
of Problem (3)

I Approximately solve this optimization problem
using conjugate gradient algorithm followed by a
line search.
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Experiment result
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Experiment result
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Conclusion

I Theorem 1 justifies for the surrogate objective function.

I Proposing using hard constraint instead of using penalty objective.

I Single path or vine using MC for estimating the minimization problem.

I Using conjugate gradient method for search direction, and line search to
ensure the current step satisfies constraint.
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Optimization method

max
θ

Lθold (θ)

subject to DKL(θold, θ) ≤ δ
Step 1: find the optimal direction to update
I The fisher information matrix is defined as

F = Ex∼p(x ;θ)[∇ log p(x ; θ)∇ log p(x ; θ)T ]
I Fact: F = −Hθ[log∇p(x ; θ)]
I A derived fact: F = HDKL

I A derived approximation: DKL(pθ||pθ′) ≈
1

2
(θ′ − θ)TF (θ′ − θ)

Then we can dirive the optimal direction by
I Linear approximation of the objective:

Lθold(θ) ≈ Lθold +∇θLθold(θ) |θ=θold [θ − θold]

I Quadratic approximation of the constrain:

DKL(θold, θ) ≈ λ

2
(θ − θold)TF (θ − θold),

where F is Fisher information matrix.
I Lagrangian form

f (θ) := Lθold +∇θLθold(θ) |θ=θold [θ − θold] +
λ

2
(θ − θold)TF (θ − θold)
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Find optimal direction

I To find optimal f ∗, we can find θ∗ such as ∇f (θ∗) = 0,

0 = ∇θLold(θ) |θ=θold +λF (θ∗ − θold)⇔ θ∗ = θold − λF−1∇θLθold(θ) |θ=θold
I Therefore, the optimal direction is y = F−1∇θLθold(θ)|θ=θold
I Conjugate gradient can be used to solve Fy = ∇θLθold(θ) |θ=θold
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Connection to other methods

I Standard policy gradient

max
θ

[∇θLθold(θ) |θ=θold ·(θ − θold)]

subject to
1

2
‖θ − θold‖2 ≤ δ

I Natural policy gradient (Kakade, 2002)

max
θ

[∇θLθold(θ) |θ=θold ·(θ − θold)]

subject to
1

2
(θold − θ)TF (θold − θ) ≤ δ
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Proximal policy optimization

“Proximal policy optimization algorithms” (PPO) improved upon this by using
only first-order derivative.

I Recall the objective in TRPO is

E
[
πθ(a|s)

πθold(a|s)
Qθold

]
= E[r(θ)Qθold ]

I In PPO, the objective is

E [min(r(θ)Qθold , clip(r(θ), 1− ε, 1 + ε)Qθold)]
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PPO experiment result
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